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A Non-Associated Critical State Model for the 
Prediction of the at Rest Earth Pressure 
Coefficient in Normally Consolidated Soils 
A. Federico, G. Elia and A. Murianni 
Technical University of Bari, Italy 
Abstract
Several theoretical expressions of the at rest earth pressure coefficient for 
normally consolidated soils (
0( NC)
k ) are available in the literature. Some of them 
have been derived using Critical State Soil Mechanics constitutive models. 
However, these models usually over-predict the 
0( NC)
k  values. The possibility to 
improve, in principle, the 
0( NC)
k  prediction simply changing the plastic potential 
surface shape of the Modified Cam-Clay model, i.e. adopting a non-associated 
flow rule, is described in the paper.  
Keywords: at rest earth pressure coefficient; Normally consolidated soils; 
Critical State Soil Mechanics Theory; Experimental tests. 
1 Introduction 
The correct definition of the in situ stress state is basic in the solution of most 
geotechnical problems. Whereas the vertical effective stress is simple to compute, 
the horizontal effective stress is usually difficult to evaluate, since it depends on 
the precise geological and engineering stress history of the soil deposit. Anyway, 
when not directly measured, the horizontal effective stress can be computed - in 
many situations - through the value of the at rest earth pressure coefficient 
0
k .
For normally consolidated soils, this parameter (
0 0( NC)
k k! ) can be considered a 
measure of the gravity load transmitted in the horizontal direction and its value is 
estimated using different empirical or theoretical correlations, while, in over-
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consolidated soils, only empirical correlations are available and they just apply if 
the over-consolidation is due to simple unloading (Lancellotta, 1995). 
Some of the theoretical 
0( NC)
k  expressions for normally consolidated soils have 
been obtained using elasto-plastic constitutive models developed in the 
framework of the Critical State Soil Mechanics (Roscoe and Burland, 1968; 
Schofield and Wroth, 1968; Muir Wood, 1990; Burland and Federico, 1999), but 
these models usually over-predict the value of the at rest earth pressure 
coefficient. However, a simple modification of the Critical State model 
formulation, specifically the adoption of a non-associated flow rule, can 
significantly improve the 
0( NC)
k  prediction, as presented in the following. 
2 Prediction of the at Rest Earth Pressure Coefficient k0(NC) Using a 
Non-Associated Critical State Model
The condition of zero lateral strain during monotonic one-dimensional normal 
compression of soils implies that the ratio between the total volumetric and 
deviatoric strain increments is: 
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     (1) 
where , -v 1 2 3% ' % & % & %  and , -s 1 32 /3% ' % . %  are the strain invariants, functions 
of the principal strains 
1
% ,
2
%  and 
3
% , and the superscripts “e” and “p” stand for 
the elastic and the plastic part of the strain increment, respectively. Moreover, the 
experimental observations show that the ratio of all stress components usually 
remains constant during a one-dimensional path, thus implying that: 
0 0 0 0k k k k
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 (2) 
where , -1 2 3p' ' ' ' / 3' 0 & 0 & 0  and , -1 3q ' '' 0 .0  are the effective stress invariants, 
1
'0 ,
2
'0  and 
3
'0  being the principal effective stresses. 
For any constitutive soil model described in the triaxial plane it is possible, in 
principle, to derive the predicted 
0( NC)
k  expression using the mathematical 
conditions (1) and (2). The substitution of all the elastic and plastic strain 
components predicted by a Cam-Clay like model into Eq. (1) leads, in general, to: 
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where p p
v s
d ' $% $%  is the ratio between the plastic incremental strain invariants. 
Eq. (3) can be rearranged as: 
0k
6d Ad 9' 4 & 5       (4) 
where , -, - , -A 2 1 ' 1 1 2 '' & 3 . 5 . 3 . The resulting Eq. (4) has a general 
validity, whatever dilatancy rule is used in the model, and shows that 
k0
4  is 
directly proportional to 1 d . In a single surface constitutive model, 1 d
represents the slope of the normal n  to the plastic potential surface in the point 
where plastic strains begin, as illustrated in Figure 1, that shows a generic plastic 
potential surface in the p' q.  plane, indicated as 
1
g , and its normal vector 
1
n  in 
the point B where the stress path touches the yield surface.  
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Figure 1. Geometrical description of Eq. (4). 
Assuming a distorted plastic potential surface 
2
g , characterized by a smaller 
slope of the normal vector 
2
n  in the same point B, the corresponding 
k0
4  value 
will be higher according to Eq. (4). This means that, in a single potential elasto-
plastic constitutive model with an isotropic hardening law, the predicted 
0( NC)
k
value is essentially controlled by the assumed dilatancy rule and, consequently, 
by the shape of its plastic potential surface. 
Lagioia et al. (1996) proposed a general expression for the dilatancy rule of an 
elasto-plastic model able to describe a wide range of d . 4  curves, given by: 
, - Md M 1" #7' 8 .4 &( )4* +
     (5) 
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where 8  is the slope of the linear part of the curve in the d . 4  plane and 7  is a 
parameter that defines how close to the 04 '  axis the curve bends towards 
d ' 9 . By integration of Eq. (5), the mathematical expression of the 
corresponding plastic potential curve in the triaxial plane can be derived. The 
shape of this curve is controlled by the parameters 8  and 7 : by a suitable choice 
of these parameters, it is possible to obtain plastic potential curves with very 
different shapes, as shown in Figures 2 and 3. 
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Figure 2. Effect of the parameter 7  on the shape of the: (a) d .4  curve; (b) 
plastic potential curve. 
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Figure. 3. Effect of the parameter 8  on the shape of the: (a) d .4  curve; (b) 
plastic potential curve. 
The substitution of Eq. (5) into Eq. (4) gives: 
, - , -
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3 2 2
k k k
2
A 6 AM 1 6M 1 9 AM
6M 0
: ;: ;84 .4 8 & 8 .7 &4 8 .7 . 5 . 87 &< = < =
& 87 ' (6)
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from which 
k0
4  can be determined for any set of values of the parameters '3 ,
5 , M , 7  and 8 . Being , -,5 ' 5 2 1 , the corresponding 0 ( NC)k  values are now 
function of six independent parameters. 
Figure 4 shows the strong dependency of 
0 ( NC)
k  on the adopted dilatancy rule: for 
the same value of '> , Eq. (6) predicts lower 
0 ( NC)
k  values increasing 8  (for a 
fixed 7 ) or, with less extent, increasing 7  (for a fixed 8 ), that is changing the 
plastic potential surface from the classical elliptical shape to a distorted petal 
shape. 
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Figure 4.
0( NC)
k  values predicted by Eq. (6) vs '> .
This improvement in the prediction of the earth pressure coefficient at rest can be 
implemented in a critical state soil model following two different ways: i) using 
the same distorted shape for both the yield and the plastic potential surface with 
an associated flow rule; ii) adopting two different shapes for both the yield and 
the plastic potential surface (i.e. involving a non-associated flow rule). In the 
following, this latter option has been adopted and the critical stress ratio of the 
plastic potential surface (
g
M ) has been assumed equal to the one relative to the 
yield surface (
f
M ). This choice allows to avoid any kind of material instability 
before the critical state is reached, as the Lade instability line (Lade et al., 1988) 
is coincident with the Critical State Line (CSL) of the proposed model. 
3 Validation of the Proposed Model 
For the validation of the proposed model and the calibration of its parameters, the 
experimental results obtained by Cafaro (1998) and Cafaro and Cotecchia (2001) 
have been considered. The relevant tests were carried out on reconstituted 
specimens of unweathered grey clay and weathered yellow clay sampled in the 
Montemesola Basin (Taranto, Italy), using a stress-path apparatus with local 
measurements of radial and axial deformations. The calibration of the model 
parameters with the experimental data relative to the Montemesola grey clay are 
here presented. Figure 5(a) shows the experimental one-dimensional stress path in 
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the p ' q.  plane. Using the values of 1 , 2  and M  specified for this soil by 
Cafaro and Cotecchia (2001), the corresponding one-dimensional response 
predicted by the Modified Cam-Clay model (characterized by an elliptical plastic 
potential surface obtained using 0.98 ' and 0.47 ' ) is indicated in the figure as 
TEST 1. The simulation of the experimental data can be significantly improved 
changing the plastic potential surface shape from the elliptical shape to the one 
obtained for 2.68 '  and 0.47 ' , as shown by TEST 2. The good agreement 
between the experimental observation and the numerical prediction of the 
proposed non-associated critical state model is confirmed also in terms of stress-
strain curve in the 
s
q . %  plane, as shown in Figure 5(b). The response predicted 
by MCC in the same plane is quite distant from the experimental data. 
0 100 200 300 400 500 600
p' [kPa]
0
100
200
300
400
q
 [
k
P
a]
TEST 1
TEST 2
Experimental data
0 5 10 15
%S [%]
0
100
200
300
400
q
 [
k
P
a]
Figure 5. Comparison between the oedometer test data and the results of 
numerical simulations. 
During this anisotropic compression test, the radial strain, measured using a 
radial belt, was kept close to zero with a tolerance not larger than ± 0.08%. The 
zig-zagging shape of the experimental stress path was caused by repeated cell 
pressure adjustments to compensate leakage effects during the first part of the 
test. In any case, the single element simulation reasonably matches the final part 
of the experimental path that can be considered reliable. In Figure 6(a) the normal 
consolidation path relative to the Montemesola grey clay and the result of the 
undrained triaxial compression test (Cafaro, 1998; Cotecchia et al., 2007) 
performed on the same 
0
k -consolidated clay are reported in the p ' q.  plane with 
dashed and solid lines, respectively. Being the critical stress ratio of the plastic 
potential surface equal to the one relative to the yield surface, the stress path 
predicted in the p ' q.  plane by the proposed non-associated constitutive model 
during the simulation of an undrained triaxial compression test is uniquely 
controlled by the shape of its yield surface, whatever assumption is made on the 
model flow rule. For this reason, the triaxial experimental path reported in Figure 
5(a) has been simulated with the proposed model adopting different shapes of the 
yield surface. In particular, using the same set of model parameters adopted for 
the simulation of the oedometer test shown in Figures 5(a) and 5(b), the triaxial 
response predicted by the Modified Cam-Clay model (characterized by an 
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elliptical yield surface obtained using 0.98 ' and 0.47 ' ) is shown in the figure 
as TEST 1. To better match the experimental data, the yield surface of the model 
has been distorted ( 2.08 ' and 2.07 ' ), leaving all the other parameters 
unchanged, and the corresponding single element simulation result is reported in 
Figure 6(a) as TEST 2. The response predicted using the distorted yield surface is 
in reasonable agreement with the experimental data also in terms of sq . %
curves, as shown in Figure 6(b). It has to be noted that the yield surface shape 
assumed during TEST 2 is similar to the one derived by Cotecchia et al. (2007) 
testing the reconstituted Montemesola specimens along different stress paths. 
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Figure 6. Comparison between the triaxial compression test data and the results 
of numerical simulations. 
The numerical simulations shown in this section clearly indicate that, with a 
single set of parameters, the proposed constitutive model allows, on one hand, to 
select the appropriate shape of the plastic potential surface to match the 
experimental oedometer soil response and, on the other hand, to modify the yield 
surface shape in order to better predict the stress-strain behaviour of reconstituted 
clays during triaxial compression. Furthermore, the single element analyses show 
how the hypothesis of a non-associated flow rule can improve in a relatively 
simple way the critical state models prediction of the mechanical behaviour of 
soils. 
4 Conclusions
The
0( NC)
k  prediction achieved through a single surface model with isotropic 
hardening is strongly dependent on the dilatancy rule adopted in the model, i.e. 
on the shape of its plastic potential surface.  
In order to obtain lower 
0( NC)
k  values, the dilatancy rule of the Modified Cam-
Clay model has been changed using the mathematical expression proposed by 
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Lagioia et al. (1996) and a new theoretical equation for the at rest earth pressure 
coefficient - although of merely speculative interest - has been derived. The 
predicted
0( NC)
k  values depend on two additional parameters, which indirectly 
control the shape of the plastic potential surface of the model. With a suitable 
choice of these two parameters, better 
0( NC)
k  predictions can be obtained. In 
particular, changing the plastic potential surface from the classical elliptical to a 
petal shape, the predicted 
0( NC)
k  coefficients are lower than the ones predicted by 
MCC for the same angle of shearing resistance. At the same time, the model 
allows to select the appropriate shape of the plastic potential and yield surfaces 
independently, thus giving more freedom in the simulation of the mechanical 
response of reconstituted soils also when tested along paths different from the 
oedometric one. The proposed model has been validated using experimental data 
found in the literature, obtained from oedometer and undrained triaxial 
compression tests on two reconstituted cohesive soils. The better agreement 
between the laboratory observations and the single element predictions using the 
non-associated constitutive model, with respect to the ones obtained from MCC, 
shows how a relatively simple modification of the critical state models 
formulation can lead to a better simulation of the mechanical behaviour of 
reconstituted soils during both normal consolidation and triaxial compression. 
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